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A s y s t e m  of flux equations is proposed that is comple te ly  equivalent to the Pi approximat ion,  
and has a m o r e  r igorous  solution to the nonsteady t r anspor t  p rob lem than does the diffusion 
equation. An example  using the proposed method is p resen ted .  

It is known that the one-ve loc i ty  Bol tzmann equation has an exact solution only for  an infinite medium,  
and can be solved for  a semiinf in i te  medium (the Milne problem) [1]. For  a bounded medium,  a solution 
can be obtained by expanding in an infinite s e r i e s  of Legendre  polynomials .  Limit ing ourse lves  to the f i r s t  
two t e rms  of the expans ion,we obtain the equation of the so -ca l l ed  Pi approximat ion [2]: 

1 ON o . . . .  + 1 ON1 + N o = So_ , (1) 

v Ot 3 Ox l~ v 

1 ON 1 I ONo ~ Nt = 0 .  (2) 

F r o m  (1) and (2), by s imple  t r ans fo rma t ions ,  we can obtain a s ingle equation for  the total concentrat ion:  

3D* O~N ( l )  ON = D ,  O~N N + S +  l OS 
+ 1 + 0-7- or' (3) 

where  D* = v l / 3  is the diffusion constant;  ~- is the l i fet ime;  v is the mean the rma l  velocity;  I is the mean 
f ree  path for an interact ion,  where  

1 1 1 + - - ;  
I la l~ 

l a is the mean  f r ee  path for  absorpt ion;  1 s is the mean f ree  path for  sca t te r ing;  and S is a sou rce  function. 

Introducing the s impl i fying assumpt ions  

O'~N - O, l OS -- O, (4) 
Ot 2 ~ << 1, Ot 

we obtain the well-known diffusion equation [3] 

Do 02N N - - N  o __ ON (5) 
Ox 2 "r Ot ' 

where  

~8 Do = ~ , N o = ' r S o ,  

which is also commonly  used for  the solution of all t r anspor t  p rob lems  in bounded media ,  including non- 
s teady p rob l ems  [4]. Since we neglect  the second t ime der iva t ive ,  the diffusion equation becomes  an equa-  
tion of long- range  interact ion.  
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i 
Fig. 1. Flux diagram in aplane  

layer  for  t = 0. 

As a resu l t  of this situation, in o rder  to solve nonsteady prob-  
lems it turns out that the formation of a concentrat ion discontinuity 
in the diffusion par t ic les  at some point on the x axis leads to a s imul -  
taneous formation of a cer ta in  concentrat ion value at every  point of the 
axis being considered.  Fur the rmore ,  the resu l t s  obtained by taking 
account of the action of a t ransient  per turbat ion (a 6 pulse) diverge 
for t - * 0 .  

Meanwhile, there  has been no need to introduce the s impl i f ica-  
tions (4). We show that f rom Eqs. (1) and (2) we can obtain the flux 
equations, which not only have the convenience of the diffusion equation 
(5), but also a re  considerably more  flexible in the introduction of 
var ious boundary conditions. 

We introduce the fluxes j+ and j_, moving in the posit ive and ne-  
gative direct ions along the x axis [5]: 

]+=  4~-~No + 4~Nt 
4 6 ' (6) 

4~-vN o 4 ~ N  1 
] ' :  4 6 (7) 

F rom (1) and (2), taking account of (6) and (7), we now obtain 

7 O]+ 1 01. Oi___r = 3 ( ] + _ i . ) _  ]+ +i" +2nSo, 
at § -~v O--i- + Ox 4I l~ 

1 Oi+ 7 Oi_ O]. 3 (]+_L)+ i++i.  _2~So" 

(s) 

(9) 

For the problem with zero  initial conditions, we can, using the Laplace t ransformat ion,  wri te  Eqs. (8) and 

oL  3 ( i + - - i 3  ]+ + i -  7 . 1 . 
O----X- = -- 4--~ l= ~ sl+ - -  ~ sl. + 2z~S o, 

o i _ _ =  3 L + i .  + 7 . I . 
o,, - 4---{ ( ] + -  i.) + l----fl- ~ ~1+ + -~ ~- - 2~So, 

(9) in the form 

(lO) 

(11) 

where  s is the Laplace opera tor .  
as 

Finally, Eqs.  (10) and (11), in t e rms  of the flux method, can be r ep resen ted  

dj+ - - [  k 1 m(s) ](j+--j .)--m(s) j+, (12) a-V = - - g  

'~i ' [ 'm(s)](L-i_)+m(~)j . ,~=- k-~-  (13) 

where  

3 re(s)= 2 (_~_ ) 2 (14) 
k =  41~ ' -~-  + s  , m = - - . l a  

The sys tem of equations (12)-(13) has the general  solution 

j+ (x, s) = A (s) R | (s) exp [q (s) x] + B (s) exp [-- q (s) x], 

j. (x, s) ---- A (s) exp [q (s) Xl + B (s) R~ (s) exp [-- q (s) x], 

where  

(15) 

v 
(17) 
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R= (s) q (s) - m (s) 
q (s) + m (s) ' (18) 

A (s) and B (s) a r e  i n t eg ra t ion  cons t an t  d e t e r m i n e d  f r o m  the boundary  condi t ions.*  

We c o n s i d e r  an e x a m p l e  of  so lv ing  t h e n o n s t e a d y p r o b l e m  by us ing  Eqs .  (15) and (16). We a s s u m e  that  on 
the r igh t  bounda ry  of a l a y e r  of a r b i t r a r y  th i ckness  w (Fig. 1) t h e r e  o c c u r s  a d i scont inui ty  in concen t r a t i on  
N o such that  

N ( s ) :  No (19) 
S 

If the r eg ion  to the lef t  of the l a y e r  be ing  c o n s i d e r e d  is a s s u m e d  to be  non re f l ec t i ng ,  then in this c a s e  the 
bounda ry  condi t ions  a r e  of the f o r m  

1+ (0, s) = 0, (20) 

1+ (w, s) + 1- (w, s) = NO -if-- (21) 
s 2 " 

F r o m  (16) and (21) we  obta in  

B (s) = - -  A (s) R| (s). (22) 

Equat ion  (23) fol lows f r o m  (15), (16), and (21): 

NoV- 1 
A (s) = 2s [ 1 + R~o (s)] {exp [q (s) w] - -  Ro. (s) exp [ - -  q (s) w]} 

(23) 

Then the t r a n s f o r m  of the flux e m e r g i n g  f r o m  the l a y e r  wil l  be  of the f o r m  

NoV 
2s [ l - - R |  (s)l 

J.  (0, s) = A (s) [1 - -  R~ (s)] = exp [q (s) w] - -  R| (s) exp [ - -  q (s) w]- (24) 

Us ing  the no ta t ion  g iven  above ,  and c a r r y i n g  out s i m p l e  t r a n s f o r m a t i o n s ,  we f inal ly  obtain  

J_(O, s)= N~ re(s) 1 (25) 
2s q (s) . Sh [q (s) w] + ~ Ch [q (s) w] - 

Obta in ing  the i n v e r s e  t r a n s f o r m  of the t r a n s f o r m  (25) is dif f icul t  in gene ra l ;  h o w e v e r ,  for  c e r t a i n  l imi t ing  
c a s e s ,  it b e c o m e s  r a t h e r  s i m p l e .  Since fo r  s - -*~  

lira J_ (0, s ) ~  = ~ exp - -  s , (26) 

the ini t ial  b e h a v i o r  of the f lux e m e r g i n g  f r o m  the l a y e r  can be  d e s c r i b e d  by the equat ions  

J _ ( 0 ) = 0  for t <  2____ww , (27) 

No v 9 m  
J .  (0) = fo~ t = = = .  (2s) 

2 v 

F r o m  (25) we can a l so  eas i ly  d e t e r m i n e  the s t e a d y - s t a t e  va lue  

~rn 
No 

lira J.  (0, t)t.~ = lim [d. (0, s) s] . . . .  2q (29) 
Sh qw + -~- Ch qw 

In o r d e r  to ana lyze  the f inal  s t age  of the t r a n s i e n t  p r o c e s s  and to d e t e r m i n e  the t i m e  fo r  it to be  e s t ab l i shed ,  
we can  u s e  the fol lowing a p p r o x i m a t i o n s .  As usua l ,  we can a s s u m e  that  v/ l  >> s; we then have  

*The flux equat ions  fo r  the s t e a d y - s t a t e  c a s e  w e r e  f i r s t  ob ta ined  by Shockley [6]. 
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q (s) = qo 1/" 1 -+- S~: , (3o) 

where  

m (s) _ m o V" l -4- s~ , 
q (s) qo 

Z 3 2 
qo = 2kmo -4- ~ -  mo �9 

(31) 

(32) 

F rom (31) and (32) it is easy to establish that for l a >> l s and s ~ 0 we have 

re(s) << 1. 
q (s) 

Taking account of all these s implif icat ions,  we can wri te  Eq. (25) in the form 

J. (0, s) = N~176 m~ V' 1 -+- s~ 
2s qo Sh [qow ~/1 -~ s'c ] 

(33) 

(34) 

The inverse  t r ans fo rm of (34) can easily be obtained for  the l imiting cases  of small  and large thickness w. 
If q(s)w << 1, then 

J. (0, t) = const = N~ (35) 
V3 

For large  thickness,  when q(s)w >> 1, Eq. (34) implies 

J,(0, t i -- N~ q ~ m~ (exp[--qow]erfe ( ~ 2 v t q ~  l / ' - - ~ - .  V / - _ T _ )  

/ oo,/z +   oxp[ , --exp[q~ 2 V ' - V / - ~ - - )  ] / / -  t x 4 t �9 (36) 

Thus the flux method enables us to determine the initial and s teady-s ta te  values of the flux emerging 
f rom a layer  of finite thickness and also to descr ibe  the p rocess  of its establ ishment .  
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